Introduction and Main Theorem
Let R n (n ≥ 3) denote the n-dimensional Euclidean space with points x = (x 1 , x 2 , · · · , x n−1 , x n ) = (x ′ , x n ), where x ′ ∈ R n−1 and x n ∈ R. The boundary and closure of an open Ω of R n are denoted by ∂Ω and Ω respectively. The upper half-space H is the set H = {x = (x ′ , x n ) ∈ R n : x n > 0}, whose boundary is ∂H . We write B(x, ρ) and ∂B(x, ρ) for the open ball and the sphere of radius ρ centered at x in R n . We identify R n with R n−1 × R and R n−1 with R n−1 × {0}, with this convention we then have ∂H = R n−1 , writing typical points x, y ∈ R n as x = (x ′ , x n ), y = (y ′ , y n ), where x ′ = (x 1 , x 2 , · · · , x n−1 ), y ′ = (y 1 , y 2 , · · · y n−1 ) ∈ R n−1 and putting
For x ∈ R n \{0}, let( [10] )
where |x| is the Euclidean norm, r n = 1 (n−2)ωn and ω n = is the surface area of the unit sphere in R n . We know that E is locally integrable in R n .
The Green function G(x, y) for the upper half space H is given by( [10] )
G(x, y) = E(x − y) − E(x − y * ) x, y ∈ H, x = y, (
where * denotes reflection in the boundary plane ∂H just as y * = (y 1 , y 2 , · · · , y n−1 , −y n ), then we define the Poisson kernel P (x, y ′ ) when x ∈ H and y ′ ∈ ∂H by
The Dirichlet problem of upper half space is to find a function u satisfying
where f is a measurable function of R n−1 . The Poisson integral of the upper half space is defined by
As we all know, the Poisson integral P [f ] exists if
(see [1, 2] and [11] )In this paper, we will consider measurable functions f in R n−1 satisfying
Siegel-Talvila( [5] ) have proved the following result:
Theorem A Let f be a measurable function in R n−1 satisfying (1.7). Then the harmonic function v(x) defined by (1.6) satisfies (1.3), (1.4), (1.5) and
In order to describe the asymptotic behaviour of subharmonic functions in half-spaces( [8, 9] and [10] ), we establish the following theorems. 
If f is a measurable function in R n−1 satisfying (1.4) and v(x) is the harmonic function defined by (1.8), then there exists
holds and
B(x j , ρ j ) and 0 < α ≤ n. Remark 1 If α = n, p = 1 and γ = n, then (1.8) is a finite sum, the set G is the union of finite balls, so (1.9) holds in H. This is just the case m = 0 of the result of Siegel-Talvila.
Next, we will generalize Theorem 1 to subharmonic functions. Theorem 2 Let p and γ be as in Theorem 1. If f is a measurable function in R n−1 satisfying (1.7) and µ is a positive Borel measure satisfying
and
and G(x, y) is defined by (1.1). Then there exists x j ∈ H, ρ j > 0, such that (1.8) holds and
holds in H − G.
Proof of Theorem
Let µ be a positive Borel measure in R n , β ≥ 0, the maximal function M(dµ)(x) of order β is defined by
, then there exists r > 0 such that µ(B(x, r)) > tr β for some t > λ, and there exists δ > 0 satisfying
In order to obtain the results, we need these lemmas below:
can be covered by the union of a family of balls {B(x, r(x)) :
Hence we obtain
Rearrange {x : x ∈ Λ k , k = 1, 2, · · · } and {5r(x) : x ∈ Λ k , k = 1, 2, · · · }, we get {x j } and {ρ j } such that (2.1) and (2.2) hold.
Lemma 2 The kernel
Define the measure dm(y ′ ) by
For any ε > 0, there exists R ε > 2, such that
For every Lebesgue measurable set E ⊂ R n−1 , the measure m
pn−α }, therefore, if |x| ≥ 2R ε and x / ∈ E 1 (λ), then we have
If |x| > 2r, then we obtain by Lemma 2 (1) and Holder's inequality 
(1.9) Moreover, we have similarly
which implies by artitrariness of r that
If γ > −(n − 1)(p − 1), then γq p + (n − 1) > 0, so that we obtain by Holder's inequality
where m (ε)
− n)q + (n − 1) < 0, so that we obtain by Lemma 2 (2) and Holder's inequality
(1.9) Finally, by Lemma 2 (1), we obtain
so that we have by γ > −(n − 1)(p − 1)
Thus, by collecting (2.5), (2.6), (2.7), (2.8), (2.9), (2.10)and (2.11), there exists a positive constant A independent of ε, such that if |x| ≥ 2R ε and x / ∈ E 1 (ε), we have
Let µ ε be a measure in R n defined by µ ε (E) = m (ε) (E ∩ R n−1 ) for every measurable set E in R n .Take ε = ε p = 1 2 p+2 , p = 1, 2, 3, · · · , then there exists a sequence {R p }:
in Lemma 1, then there exists x j,p and ρ j,p , where
Proof of Theorem 2
We prove only the case p > 1; the remaining case p = 1 can be proved similarly. Suppose
Define the measure dn(y) by
For every Lebesgue measurable set E ⊂ R n , the measure
pn−α }, therefore, if |x| ≥ 2R ε and x / ∈ E 2 (λ), then we have
First, note that
If |x| > 2r, then we obtain by Lemma 2 (1), (2.11) and Holder's inequality
2x n y n ω n |x − y| n dµ(y) 
(1.9) Moreover, we have similarly − n)q + (n − 1) < 0, so that we obtain by Lemma 2 (2), (2.11) and Holder's inequality |h 3 (x)| ≤ 
